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Key question in condensed matter physics:

What is the ground state of the interacting electron system? J

e Symmetry breaking states: SC, SDW, CDW, DDW, nematic, stripe, loop current...
o No symmetry breaking states: FL, TLL, NFL...

o topological states: FQH, QSL...
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What is the ground state of the interacting electron system? Landau’s answer:

Fermi liquid

weakly interacting Fermi gas with renormalized parameters (mass, magnetic moment...)

Key point of FL: Adiabatic principle

e Increase interaction gradually before phase transition, dressed particle called
quasiparticle

e Non-interacting Fermi gas evolves into interacting Fermi liquid.
e FL is the standard model for He-3, metal, heavy fermion...

W)= J] Ity = vay= ] Ino) M
k<kg,o=t,1 k<kg,o=t,1
From perspective of RG, FL is a stable fixed point for spatial dimension larger than one.
(except for BCS pairing)
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Just recall some consequence of Fermi liquid.

Thermodynamics:
e specific heat: Cy = v*T,v* = %ZN (0)

e charge susceptibility: xc = a# /\11:(Fos)
e spin susceptibility: xs = S—AB” = /;/1(;) uB
0

Quasiparticle:
o effective mass: ™ =1 4 F

e scattering rate: le ~ EiF((sk — Ep)? + (xT)2) = p(T) ~ T2

Collective mode excitation:
o zero sound mode: w = sviq, § In £ X

Y Zhong (LZU)
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Microscopic justification of FL:

Luttinger's theorem

density of electron equals to volume of Fermi sphere[Luttinger, 1960]

Vs

2
2n)? (2)

n—Z/( _0(ReG(k,w = 0)) =

e We can use Green function’s pole to find Fermi surface
e Itis valid for Fermi gas, Fermi liquid and Luttinger liquid
e Know Fermi surface=know density of electron

The proof of Luttinger’s theorem is based on the validity of Luttinger-Ward functional
formalism.[Luttinger,Ward 1960] Also see,

e Oshikawa's topological argument[Oshikawa, 2000]
e determinant formalism[Seki, 2017]
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Motivation

If those FL's predictions are not consistent with experiments or theories, this is the sign of
breakdown of Fermi liquid!

non-Fermi liquid

They are called non-Fermi liquid if they are still metallic without any explicit symmetry
breaking but show behaviors deviating from FL.

o Linear-T or power-law resistivity: p ~ Torp ~ 7%, 0 < a < 2. (e.g. « = 3/2 in CeNi,Ge;)
e Anomalous specific heat: G, ~ TInT or C, ~ T8, (e.g. 8 = 2/3 in YbRI,Si,)
e Breakup of closed Fermi surface into Fermi arc. (cuprate)

Fermi arc of cuprate

)
] 1 2 s a

p=08GPa

CTwwgm s,

Resistivity of cuprate

CeRh6Ged, a FM heavy fermion
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Violation of Luttinger’s theorem:
o Hall coefficient in cuprate.

e DQMC simulation in Hubbard model.[Osborne,Paiva,Trivedi, 2021] (other studiesint — V
and t — / models[Kokalj,Prelovsek, 2007, Kokalj,Prelovsek, 2008])
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What is the theory of non-Fermi liquid?

@ Fermi surface+X: X=order parameter, gauge-field (RPA,perturbative RG)

® DMFT: map lattice into impurity (pesudogap Anderson impurity
model)[Georges et al., 1996]

© Solvable models with infinite-ranged interaction: SY, SYK, HK[Chowdhury et al., 2022]

In this talk, we follow the third road and focus on the so-called HK model.

etal

f//{/{//

Y/ullx

//r,,/ ﬂ/z/ /
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HK model

Motivated by infinite-ranged spin glass SY model,[Sherrington,Kirkpatrick, 1975] Hatsugai and
Kohmoto propose the following model in 1992[Hatsugai,Kohmoto, 1992]

Hatsugai-Kohmoto model

_ T f T
Huk = —t D ¢l Go — “Z %o TN T D Gitismiata G 1621 Gad (©)
(ij,0) J1:J2:43 4

e With infinite-ranged interaction, preserves center of mass
e Exact solution in any dimension and any electron filling
e Solution with NFL and Mott insulator

e Similar infinite-ranged t — / model is invented by Baskaran in 1991[Baskaran, 1991]

t//{/]/_//
P,
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Solve HK model

. ; ; _ 1 ikR;
e How to solve HK: Fourier transformation ¢;, = 7% >k iCk,.

v A oect
Ne Z O +j3=j2+ia§ 7119215 Yad = UZ”kT”u (4)
J1:d2:43:0a k
due to conservation of center of matter and the infinite-ranged interaction.
Diagonalized in momentum space:
H= Z Hk Z[ gk — nkT + nki) + Unanm] (5)
k
e Easy to solve for each k: eigenstate and eigenenergy
@ [0)4, Eo(k) =0
® | i = 100k, Eu(k) =& —
© | 1)k = cf,|0), En(k) = & — u
© | 1)k = cficf, 10k, Eg(k) = 2(e — p) + U
August 23, 2024 11748
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Solve HK model

e Many-body eigenstates: product of each k-state

Wy =TT 100 [T le=t0 T It (6)

keQq ke ke,
and its eigenenergy is
E=> (ek—m+ > Qex—2u+U)= > E+ > (B +Ep) 7
ke, keQ, ke, keQ,

@ Q: no occupation regime, |0),
® Q: single occupation regime, | T)«, | 4)«
© Q,: double occupation regime, | 1)«

T T T

f e O b f’¢/
? M@?ﬁ“ |

- -m/2 0 /2 g
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Phase diagram of HK model

If all k-states are single-occupied, the system is in Mott insulator, otherwise it is in
non-Fermi-liquid-like metal.

u/U
1.0
Metal
05 L Mott
Insulator
0.0 ]
0 1 2

U.JU

The boundary of Mott phase is determined by (setting excitation energy to zero)

m w m w
1 E_2. wiu=
U= 20 /U=0 (8

u- 20
But how about its non-Fermi liquid nature?
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HK model

Non-Fermi-liquid-like metal: electron’s distribution function

)

® Ut=3
0.8 0.8 1
§ 0.6 0.6
B 0.4 “\kF = 0.4 kp k
02} 0.2
0 —— e () e— S—
/2 0 w/2 m - /2 0 /2 g
k k
e Two jumps in nk: two pseudo-Fermi surfaces
_ 1
ni=0 = 5 (60 + 2t cosk) + 0(u + 2t cosk — V)] 9
ke, = |arccos _#‘, ke = |arccos _2—?‘ (10)

o Count particle density: violation of Luttinger’s theorem
required by Luttinger’s theorem

Q, o
2 7 N2 1 2 2 2
n=2kpy =— +2(kr1 — kr2) >— = = (kp1 +kr2) 5= #  2kpa5— + 2kp1 — an
2w 2w 2 2w 2 2m

Y Zhong (LZU) HK NFL August 23, 2024 14748



HK model

Non-Fermi-liquid-like metal: non-Pauli susceptibility and linear-T specific heat.

e Curie-like spin susceptibility in NFL, because single occupation means spin-1/2 local
moment and it contributes 1/T spin susceptibility.

e Why Curie but not Pauli? More interesting explanation from exclusion statistics of
Haldane![Haldane, 1991]
W] [Df ({Ny'}) + Nf =1t
i NPIDENY ) - 11 '

DI({N/Y) + > _g"Ny =G (12)
Jv

e Gas of particles with exclusion statistics.
Gc=1,Gs = 0,8cc = &8s = 1,85c = —1,8cs = 0.[Hatsugai et al., 1996]
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HK model

Non-Fermi-liquid-like metal: single particle excitation

1- (- _
Gg(k, UJ) — <nko'> (nko> (13)
W (ek—1)  w—(ek—n+0)
o
(a) ‘ 4
038
0.6 s
= — X <
T ooal 4 ; <]
02} K 1
o N 5 A,
@ w2 0 w2 ox @ w2 0 w2 o«
k k

o Luttinger's surface: zeros of G, (k,w = 0) with Luttinger wavevector k;.

Breakdown of Luttinger theorem if 1 # U/2, (particle-hole symmetry enforces Luttinger
theorem at u = U/2)

2/—ReG k,0) = ZkL— #n (14)
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HK model

e Non-Landau's quasiparticles: holon and doublon

Mo = Cho (1 = Mi3), dko = ChoNiz (15)
Non standard anticommutative rule,
[dko'7 d/1("0"1+ = ik 056/ Nk » [hko'7 hl’o”]+ = 6kk’60o"('I - nké’) (16)

So, holon and doublon are not standard fermions. Direct calculation based on Feynman
diagrams and Wick theorem must be breakdown.
e Exact Green's function:

fa L 1=y 1 —(ngs) Foa (Nkz) o mgs)
Whialhe)) = e = o (el = o T — o 07
Note,
Go (k,w) = (ko)) = (ko] ) + ((dkold] ) (18)

Although holon and doublon are not standard fermions, they are the quasi-particle of HK
model and contribute to the bands E;_, Ey, .

PR S — S S
4r E
k

*T A?* -9 #7

Q Q Q

A

-4

L L L L J
-T -/2 0 w2 T
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DOS of HK model

Density of state of metal-Mott transition:

N(w) = _% > " ImG (k,w + i0%) (19)
k

0.6

e U < W(bandwidth): no gap in metallic state
e U > W: has full gap in Mott state

e There are quasi-particle-like density of state around Fermi energy w = 0 if U is near
bandwidth from metallic state.
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DOS of HK model

More details of density of state of metal-Mott transition (symmetric half-filling):

0.4 . : - )
—U/W=0.75
U/W=0.9
——U/W=0.95
03+ —U/W=1 1
——U/W=1.05
— —U/W=1.1
302 U/W=1.25
Z
0.12

e Gradually vanished quasi-particle density around Fermi energy w = 0.
o Similar to the structure of single-site DMFT of Hubbard model. But HK case is due to
band-filling without any Kondo effect.

z 1/2-2/2 1/2-2/2
wHiTy  w—eg+U/2 w—g—U/2
1/2 4 1/2
w—er+ U2 w—g—-U/2

(20)

GHubbard =

(21)

Gug =

Y Zhong (LZU) HK NFL August 23, 2024 19748



Extension of HK model

There are many extension of HK model:
e BCS superconductivity[Phillips et al., 2020, Li et al., 2022, Zhu et al., 2021]
e Kondo impurity[Setty, 2021]
e Fermi arc with anisotropic HK interaction[Yang, 2021]
e Heavy fermion[Zhong, 2022, Wang et al., 2024]
o Topological/Chern insulator[Wysokinski, 2023, Mai et al., 2023]
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Extension of HK model:PAM-HK

The periodic Anderson model (PAM) is a standard model for heavy fermion systems but
cannot be exactly solved by usual analytical or numerical techniques.

How = =Dtk Go = D Uff fio + Zﬁa o + VZ( jofjo +h-C.)
ij,o ij,o
- uZ( Go + Il fio) + UZfo,TflfN (22)

We find the extension of HK, the PAM-HK model can be solved, which replaces Hubbard with
HK interaction[Zhong, 2022]

Hoam—nx = =D _tjcl Go =Dt J‘Lﬁﬁ%ZL ﬁo+VZ( ofijo +h-c.)
ij,o ij,o
T T
- “Z( oo +f/a]?<7) Ns Z 5/'1+/3*/z*/4f/:¢ffzﬂ;‘3¢f/4i (23)

J13J2:43Ja
Use FT,H= >, Hi,
He = > (e — w0l ko + D (& + & — wf feo

o

+ V(o Seo + ko) + U fiafi s (24)

It can be solved by diagonalizing 16 x 16-matrix for each k.
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Extension of HK model:PAM-HK

The ground-state phase diagram is

Mott Insulator

n=3

Correlated Metal

o

Band Insulator
n=4

There are four states in the ground-state:
@ Band insulator, n = 0,4, gapped due to empty/full occupation
® Correlated metal, gapless, violates Luttinger’s theorem
©® Hybridization/Kondo insulator, n = 2, gapped due to hybridization between c and f
©® Mott insulator, n = 3, gapped due to band splitting of strong correlation
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Extension of HK model:PAM-HK

The trivial band insulator:

e Particle densityn =0,4 (n = Nis >« i) correspond to empty or full occupation for each
k-state.

e The wave-functions are T, |0000), [T, [1111)k. (c T, c L. f 1, 1)
Hybridization insulator:
e Particle density n = 2, dominated by hybridization strength V.
HI can be understood from U = 0 limit, and one has the following quasi-particle Hamiltonian

He =Y (Ekr o, oo + Ek— B} Bro) (25)

e The quasi-particle energy is Ey4. = %(ak + Er & \/(ex — Ef)? + 4V2) — p, it gives two-band
structure
* Qo = ko t VifkoBko = —VkCko + Bikfio
If lower band E,_ is fully occupied, but upper band E;, is empty, HI (with ground-state
wave-function [T, BA;{U\O)) with particle density n = 2 appears, which has the indirect gap ~ V

and direct gap A = min(Ey ) — max(Exy) ~ VTZ
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Extension of HK model:PAM-HK

HI, Ml and CM have different particle distribution:

3
(a) HI (b) MI (©)C
2
—n
1 —
—
l

0
-r -2 0 w2 w-w -2 0 w2 w-w -w/2 0 w2 o7
k k k

e Hl has n, = 2 for each k
e Ml has n, = 3 for each k

e CM has two jumps, corresponding to two Fermi surface. It may have only one jump if
Fermi energy is too positive or negative.
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Extension of HK model:PAM-HK

Spectral function:

8
(a) HI (b) MI

e HI has two bands and direct gap
e Ml has four bands and three bands below the Fermi energy
e CM has four bands, but no direct gap around the Fermi energy
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Extension of HK model:PAM-HK

Density of state:

61 (a) HI N || (b) MI (c) CM

_N‘Lu')

N (w)
3

e Hl has small gap
e Ml has sensible gap
e No gap around Fermi energy in CM
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Extension of HK model:PAM-HK

Violation of Luttinger’s theorem in CM:

* %
B

dk
=3 / S O(ReG, (K, = 0). (26)

e CMis a non-Fermi liquid state, violating Luttinger’s theorem. This is similar to the case of
HK model, where the single occupation regime appears.
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Extension of HK model:PAM-HK

For symmetric half-filling case, (E; = —4,U = 8, u = 0), we change V and there is a transition
from CM to HI.

v=0.1

10 -10 s 0

When V is small, for f-electron only local energy level £ and E¢ + U is visible. Increasing V
leads to the appearance of DOS around Fermi energy. When V is large, there is f-electron
band around Fermi energy and this band opens a gap if V is further increased.
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Extension of HK model:PAM-HK

Phase transition between CM and Ml is Lifshitz transition since observable satisfy scaling
behaviors.

An=n—ng~ (u—p)®, B=d/2=1/2 (27)

« Other scaling behaviors Eg — E9 ~ (11 — puc)(9+2)/2, xc ~ (1 — puc)@=2)/2
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Extension of HK model:PAM-HK

Relation between particle density and metallic state: a Lieb-Schultz-Mattis (LSM) argument.

Consider periodic boundary condition and define the twist operator

i5Ns  27j

T Tf
U=éZim N 2o(GoGo Tiolio), (28)

If we denote the ground-state as |Wy), then a new state is constructed by applying U, i.e. the
twisted state U|Wg). So, one can calculate the energy difference

AE = (Wo|UTTHU|W) — (Wo|H|Wo)
Ns
_ Z Z(Z _e—i2m/Ns _ e/zn//vs)“chCHw) ~ O(1/Ns) (29)
o j:‘l

There exists at least one low-energy state near ground-state. Furthermore, for the translation
operator T, we have TUT—! = Ue=72™1 (n = Nis Zja(c;racjo +f! fi)) Assume the ground-state
[Wo) has particle density n and momentum Py, then

TU|Wg) = UTe=271 W) = e=27e=iPo | usg), (30)
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Extension of HK model:PAM-HK

TU|Wo) = e~ 2™e~Poy|wy), €}

o Twisted state U|Vy) is the eigenstate of momentum 27n + Py.
e If nis not an integer, U|Wy) and |Wy) must be orthogonal, thus the system is gapless and
it corresponds to metallic state.
e When nis an integer, U|Wy) and |Wg) are the same state, it suggests there exist no
low-energy state and the system should be an insulator.
Therefore, we now understand why n = 0, 2, 3,4 in our model correspond to insulating states
and generic electron’s density implies metallic state.

Mott Insulator
n=3

Band Insulal
n=0 Correlated Metal

Band Insulator
n=4

0
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Extension of HK model:PAM-HK

In d = 2 square lattice, the phase diagram is similar to the d = 1 case. Its Fermi surface is
determined by maximum of spectral function A(k, 0) and ReG(k, 0).

(=]
'
(=]

The above figure plots ReG(k, 0). The multiple Fermi surface structure is visible. The
mismatch of Fermi surface implies the appearance of Luttinger surface. These metallic
phases violate Luttinger’s theorem.
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Extension of HK model:PAM-HK

More implication of our PAM-HK model:
o Use Schrieffer-Wolf transformation, the PAM-HK model can be mapped into HK-Kondo
lattice model
H=" (ex — 1)}, ko +1>_ 5k Sk (32)
ko k
This model has been solved by Wang, Li and Yang.

Kondo
singlet 1

FL NFL 4/3 KI

Itis interesting to see the Kondo insulator, whose wavefunction and Green’s function are
1/2 N 1/2
w—er—3/4  w—g +3J/4

1
Vi) = [ =10 = 14 M) Gk,w) = 33)
Ki 1:[\/2 k k
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Extension of HK model:PAM-HK

More implication of our PAM-HK model:
e When spin-orbit coupling is included, one has a topological PAM-HK model.

_ t{ ek—n Vi
"= zk: [w" ( Ve E—un ) Vi Uyt + Ve + UcniTniJ G4

Vi = —2V(sin kxox + sin kyoy). This model has been solved.[Jablonowski et al., 2023]

-2 Metal

2N, Trivial MI
> |\
.\.?'51
2 TMI(M)
<
| Metal '\ 1
Trivial MI

\, -5
708 9 10 1 12 13 W0

There exist topological Mott insulators for n = 1 and n = 3. But no such state forn = 2, so
exact solution for topological Kondo insulator is still lacking.
August 23, 2024 34/48
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Extension of HK model:FO

Friedel oscillation (FO) in metal: non-magnetic impurity immerses in Fermi sea, a regular
modulation of charge density around impurity appears.

e How to find FO theoretically? Add impurity potential.
Himp = VD €}, Cos = Ne Z o hto-
o s k., k

Use T-matrix approximation,

Go (K, K',w) = 8 k1 Go (k, w) + Go (K, w)To (w)Go (K, w)

_ VNS _1
O T I }kje,,(k,w). (35)
5n= - 3 explith — K)R) / deofi (0) —H MG (k, K, ) (36)
i Ne S i F 71- o\, Ry .

For Fermi liquid and Luttinger liquid, (2kr oscillation)

), mis>te={ g § 37)

om = —ne = pie K, TL.
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Extension of HK model:FO

Alternative formalism, the linear response theory,
o0

dex(t, ) F(t)

Kubo formula: how observable related to external forc

External fields Interactions Randomness
.—‘ —
<] A
~ L~

Whatis physics? ~response of system

t oS}
T O g = 1 [ doe - )0 mol DY)

00W) =5 [ at' ) (Ou(v). On(t)) =

—

—00

A
/5

ani(t)

oo
_/ At/ xe(Ri, Ro, t — t)V(t')
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Extension of HK model:FO

We find HK model has FO,[Zhao et al., 2023]

0028/

0.04)

on,

-0.06

-0.08¢

-0.1

But why it has FO?
e For FL and TL, FO is a result from 2kg singularity.
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Extension of HK model:FO

For HK, it has multiple Fermi surface,

. (a) U/t=0 - RN (b) Uit=1 i
2 \\ // 2 \\\i’ N kL}/
N\ T;// P N \,V,,l’.} ,,,,,,,,
Of-------- N o K
4= < =
N (c) U/t=2 s 4 ~ (d) U/t=3 .
2 N //Iz 5 \\\ /,/k2
) ket 7 OELEE P I Rl v
Tk, L
i /2 0 w2 T - /2 0 /2 T
k k

dn; ~ cos(2kq (R; — Ro))xc(2k1) + cos(2ka(R; — Ro))xc(2k2) + cos(2ka(R; — Ro))xc(2ka)  (38)

e Main contributions to én; come from intra-band and inter-band transition involving 2k;,
2k, and 2kq = kq + k, momentum transfer.
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Extension of HK model:FO

e The donimating contribution is the inter-band transition involving 2kqs = k1 + k>
momentum transfer.dn; ~ cos(2ka(R; — Ro))xc(2ka)

X,(4,0)

_ 1 fe(ex — 1) — folekrg — 1)
Q = — 1— 11—
xc(q, ) Ne kz;( M) = Neiq) X iQn — egiq + ek

-1 felek — 1) — fe(ekpg — 1+ U)
+ — 1T—n)n X -
- kz;( K)Nkiq [ R — .

-1 fe(ek =+ U) — fe(ekyqg — 1)
— n(1—n
o g k( ktq) X K~ pog tex + U
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Extension of HK model:FO

Finite-T effect, suppression of FO.

<
<

T/

0.02 0.05
.
O [Aghenrieneteested - — - T/=0.00 |1 NP SNSRI NPNP |
| Th=001 | _ Offty -
0021 Th=0.05 .5 |
I — - TA=0.10 -0.05
| T/=0.50
-0.04f (a) n=0.5 Th=1.00 l®)n=10
0.1
0 0 g 20 30 0 10 R 20 30
i i
x10° _
or et 0.02 ~ -~ original
a7 AN - 002322 276T
/ _ 0015 X,
< y s 001 T
31/ - R
3 0.005 el
j©n=05 - (d) n=1.0 e,
4 0
0 0.25 05 0.75 1 0 02 04 06 08 1

T

The amplitude of FO has exponential decay versus temperature T.
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Extension of HK model:FO

FO in d = 2, still dominated by inter-band transition.
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Extension of HK model:FO

FO has also been studied by real space ED.[Skolimowski, 2024] For OBC, one finds a
long-ranged ferromagnetic correlation at strong coupling in contrast to antiferromagnetic
correlation in Hubbard model.

>~ 02 \ U =0.5t
0.00
~ 02 \/ —— H-K
0.5
~ N -=--- Hubbard U = 2.0t
ey -
w004 S =
o \\ — =
~ \"r
TN U =25t
Tef R
B \,
R e — — i S =
s N\ // <=
~ \\’,’
—0.5 —
=~ R U =41t
o3 \
B \ =
> 0.0 St —a TEm—wsnoTE = ==
e \ - -——
~ 05 \\’r

It is interesting to see whether the FM correlation is a finite-size effect when the systemis
larger.
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gust 23, 2024 42748




Conclusion

Let me summarize the main point of this talk:

e We have given an introduction to HK model and focused on its non-Fermi liquid nature.
The key point is the appearance of single-occupation regime, which leads to the
breakdown of Luttinger’s theorem and non-Fermi liquid behavior.

e Extension of HK, e.g. the PAM-HK model has been solved and its phase diagram is
uncovered. This model has been related to HK-Kondo lattice and topological PAM.

e FO of HKis analyzed and it is dominated by inter-band transition. ED study in real space
is interesting since FM correlation is found.

To proceed, scattering effect of holon and doublon should be included, which will lead to
finite resistivity and may be more relevant to experiments in strongly correlated systems.

Another point is that, if the interaction is short-ranged but conserves the center of mass, can
we still have the properties of Hk-like models? It seems that this problem may be answered
by numerical simulation such as MPS or tensor-network.
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The End

Questions? Comments?
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